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Chapter 8: Discrete-Time Signals and Systems 

8.1 Introduction to Discrete-Time Signals and Systems 

                Signals in life can be analog or digital. The analog signal can be converted into digital 
signal by using analog-to-digital convertor (ADC) in which the stages of the analog-to-digital 
conversion could be summerized in Fig. 8.1 

Fig 8.1: Block Diagram of Analog-To-Digital Convertor (ADC) 

8.1.1 Sampling  

The sampled signal, x!(t) can be generated by applying a switch to the input signal x(t) as shown 
in the figure: 

                                                     

Fig 8.2 : Switch closes at t=nT 

From Fig 8.2, in ideal case it can be noted  that the switch passes the input signal to the output 
signa when it is closed whereas, nothing will pass to the output when the swich is opened.  On 
the other hand, mathematically, this swich could be modeled as multiplier where the input signal 
is multiplying with another periodic signal, 𝑝(𝑡) which can take only two values 0 or 1 as shown 
in Fig 8.3. 



	

	

 

(a)                                                             (b) 

Fig 8.3 :  The sampling operation, (a) Model of sampling device and (b) Sampling Function 

In Fig. 8.3, it can be noted  𝑇 = !
!!

, and 𝜏 is the sampling duration which is theoretically zero. In 

addition, the sampled frequency 𝑥!(𝑡) can be expressed as 

𝑥! 𝑡 = 𝑥 𝑡 𝑝(𝑡) ……………….(1) 

Since 𝑝(𝑡) is periodic signal, then 𝑝(𝑡) can be represented by exponent fourier series where  

𝑝 𝑡 = 𝐶!𝑒!!!!!!!
!!!!  ……………….(2) 

where 𝐶! =
!
!

𝑝 𝑡 𝑒!!!!!!!!/!
!!/!   

and  𝑓! is the samling frequency or the frequency of the periodic signal of 𝑝(𝑡). 

by substituting (2) into (1), then 𝑥!(𝑡) can be expressed as 

𝑥! 𝑡 = 𝐶!𝑥(𝑡)𝑒!!!!!!!
!!!!  ……………..(3) 

Now, by substituting (3) into (2) with interchanging the order of summation and integration, the 
result can be put in the following form 

𝑥! 𝑡 = 𝐶!𝑥(𝑡)𝑒!!!!!!!
!!!!   . ………………(4) 

8.1.1.1 Spectrum of Sampled Signal  

The Fourier transform of x!(t) can be given by 

𝑋! 𝑓 = 𝑥!(𝑡)
!
!!  𝑒!!!!"#𝑑𝑡 = 𝐶!𝑥(𝑡)𝑒!!!"!!!𝑒!!!"#𝑑𝑡!

!!!!
!
!! ………………(5) 

with interchanging summation and integration 

𝑥! 𝑡 = 𝐶! 𝑥 𝑡 𝑒!!!! !!!!! 𝑑𝑡!
!!

!
!!!! ……………….(6) 

Hence, the fourier transform of the sampled signal, 𝑥! 𝑡  as  

𝑋! 𝑓 =  𝐶!𝑋 𝑓 − 𝑛𝑓!!
!!!! ……………..(7) 



	

	

where 𝑋 𝑓 − 𝑛𝑓! = 𝑥 𝑡 𝑒!!!! !!!!! 𝑑𝑡!
!! . 

From (7), it can be concluded that the spectrum of the sampled continuous-time signal 𝑥(𝑡) 
is composed of the spectrum of 𝑥(𝑡) translated to each harmonic of the sampling frequency. 
Moreover, from  

 

 

Fig 8.4 : Spectrum of Sampled Signal  

Sampling Theorem :  

From Fig. 8.4,  it can be noted that   

 

the original signal can be completely reconstructed by using low pass  filter. Further, it can be 
noted that the constant scaling factor 𝐶! can be easily accounted by using an amplifier with gain 
equal to !

!!
.  

8.1.1.2 Ideal Sampling: Impulse-Train Sampling Model 

Consider 𝑝(𝑡) is composed of an infinite train of impulse function of period 𝑇. Thus,  

𝑝 𝑡 = 𝛿(𝑡 − 𝑛𝑇)!
!!!!  ……………. (8) 

which is the sampling function illustrated in Fig. 8.5. 

 

Fig 8.5 : Impulse train Function 

Since 𝑝 𝑡  is periodic signal, then the values of 𝐶! can be expressed as 



	

	

𝐶! =
!
!

𝑝(𝑡)𝑒!!!!"!!!𝑑𝑡!
!!   …………… (9) 

By using sifting property, 𝐶! results 

𝐶! = 𝑇 = !
!!

   ………………. (10) 

8.1.1.3 Ideal Sampling: Impulse –Train Sampling Model 

By substituting (10) in (7), then the spectrum of sampled signal 𝑥!(𝑡) can be given be  

 𝑋! 𝑓 = 𝑓!  𝑋 𝑓 − 𝑛𝑓!!
!!!!    …………… (11) 

 

 

Fig 8.6 : Spectrum of Sampled Signal 

8.1.2 Data Reconstruction  

As shown in Fig 6.7,  the original signal can be perfectly reconstructed using a low-pass filter 

with cut-off frequency equals to 𝑓!/! provided that the original signal was sampled at a frequency 

above  2 f!.  In other words,  the original signal can be completely reconstructed by using low 

pass  filter. Further, it can be noted that the constant scaling factor 𝐶! can be easily accounted by 

using an amplifier with gain equal to !
!!

.  

 

Fig 8.7: Data Reconstruction 



	

	

Aliasing  

Whereas, if the original signal is sampled at a rate less than twice the highest frequency then the 
translated spectrums will overlap and the original signal will not be reconstructed properly. This 
effect is know aliasing and it is illustrated in Fig. 8.8,  

 

Fig 8.8: Illustration of sampled signal for 𝒇𝒔 < 𝟐 𝒇𝒉 

8.2.1 Ideal Reconstruction Filter 

An ideal low-pass filter can be used to reconstruct the data. It has the following transfer function  

𝐻 𝑓 = 𝑇   𝑓 < 0.5 𝑓!
0                𝑜.𝑤 

      …………………(12) 

By using Inverse Fourier Transform, then ℎ(𝑡) can be expressed as  

ℎ 𝑡 = !"# !!!!
!!!!

= 𝑠𝑖𝑛𝑐(𝑓!𝑡) …………. (13) 

From (13) it can be noted that the impulse response is not time limited and non-causal. 

In addition, from Fig 8.8 it can be noted that the constructed signal could be obtained by using 

the convolution theorem between 𝑥!(𝑡) and ℎ(𝑡) where the final result can be given by 

𝑥 𝑡 = 𝑥 𝑘𝑇 𝑠𝑖𝑛𝑐(!
!
− 𝑘)!

!!!!   ………………… (14) 

If  a value is to be interpolated between 𝑛𝑇 and 𝑛𝑇 + 𝑇 as shown in Fig. 8.9, and 𝑙  samples each 



	

	

side of the value to be interpolated, then we have  

𝑥 𝑡 = 𝑥 𝑘𝑇 𝑠𝑖𝑛𝑐(!
!
− 𝑘)!!!

!!!!!!! ……………….(15)  

 

Fig 8.9: Time-domain equivalent 

Example 8.1: The signal 

𝑥 𝑡 = 6 cos (10𝜋𝑡) 

sampled at 7 𝐻𝑧 and 14 𝐻𝑧. For each sampled frequency  

A. Plot the spectrum of 𝑥(𝑡). 

B. Plot the spectrum of sampled signal 

C. Plot the output of reconstruction filter. 



	

	

Answer 

In this example we are interest to see the effect of sampling a signal at both a frequency less and 

greater than twice the highest frequency where the highest frequency (the only frequency in this 

case) is 5 𝐻𝑧. 

A. By using Fourier Transform, 𝑋(𝑓) can be expressed as 

𝑋 𝑓 = 3𝛿 𝑓 − 5 + 3𝛿(𝑓 + 5) ……………………(16) 

                                        

Fig 8.10 : Spectrum of x(t) 

B. The spectrum of the sampled signal can be easily found by using (11) where  

𝑋! 𝑓 = 3𝑓! [𝛿 𝑓 − 5− 𝑛𝑓! + 𝛿 𝑓 + 5− 𝑛𝑓!!
!!!!   ………………(17) 

 

 

 

 



	

	

For the case of 𝑓! = 7𝐻𝑧 

 

Fig 8.11: Spectrum of sampled signal with 𝒇𝒔 = 𝟕𝑯𝒛 

A low-pass filter with cut-off frequency !!
!
= !

!
= 3.5 Hz is used. The amplitude of the filter in 

the low-pass region should be !
!!
= !

!
.  

C. The reconstructed spectrum is shown  

                                      

Fig 8.12: Output of reconstruction  filter with 𝒇𝒔 = 𝟕 𝑯𝒛. 

This is equivalent in the time domain to  

𝑥 𝑡 = 6 cos 4𝜋𝑡 = 6 cos (2𝜋 2 𝑡) ……………..(18) 



	

	

Because the original signal was sampled below Nyquist rate it could not be reconstructed 

properly. Note that the reconstructed signal is similar to the original one with lower frequency as 

a result of aliasing.  

Now, let the sampling frequency be 14Hz which above Nyquist rate. The spectrum of the 

sampled signal becomes  

 

Fig 8.13: Spectrum of sampled signal with 𝒇𝒔 = 𝟏𝟒 𝑯𝒛 

Now, a low-pass filter with cut-off frequency =fs/2=7/2=7 Hz. The amplitude of the filter in the 

low- pass region should be 1/fs=1/14. The reconstructed spectrum is exactly like the original 

signal.  

                                

Fig 8.13: Output of reconstruction filter with 𝒇𝒔 = 𝟏𝟒 𝑯𝒛 



	

	

Example 8.2: Consider the following signal,  
𝑥 𝑡 = 4 cos 8𝜋𝑡 + 6 cos (6𝜋𝑡)  ………………..  (19) 

A) What is the minimum required sampling frequency to avoid aliasing?  

B) If the signal is sampled at a rate of 10 samples/second, What are the possible bandwidths of 

the low-pass filter required to reconstruct 𝑥(𝑡) from 𝑥!(𝑡)?  

C) sketch the spectrum of 𝑥(𝑡) and the spectrum of 𝑥!(𝑡)? 

Answer: 

A) Greater than twice the highest frequency=2*4=8 Hz.  

B) If we sketch the spectrum of the sampled signal. It is easy to see that the bandwidth should be  

between 4 & 6 Hz.  

C) This part is left for you J J J  

 

8.2.2 Practical reconstruction  

There are other different methods to reconstruct the signals which are not exact:  

*  In the time-domain one may use linear interpolation between the points. Other 

averaging techniques are also possible.  

• In frequency-domain, RC circuit might be used to approximate low-pass filter.  



	

	

Finally, as shown in the figure below the reconstructed spectrum may suffer from 

variation in the amplitude in the pass-band region in addition to non-zero amplitude in the 

stop-band region.  

 

 

Fig 8.14 Simple first-order low pass reconstruction filter 

 

8.2 The  Z-Transform  

The z-transform is the basic tool for the analysis and synthesis of discrete-time systems in which 
it is defined as  

𝑋 𝑧 = 𝑥(𝑛𝑇)𝑍!!!
!!!! …………………. (20) 

where the coefficient 𝑥(𝑛𝑇) denote the sample value and 𝑍!! denotes that the sample occurs n 
sample periods after the t=0 reference. 

8.2.1 Derivation of the Z-transform 

The sampled signal may be written as  

𝑥! 𝑡 = 𝑥 𝑡 𝛿(𝑡 − 𝑛𝑇)!
!!!!   .. ………………. (21) 

since 𝛿 𝑡 − 𝑛𝑇 = 0 for all t except at 𝑡 = 𝑛𝑇, 𝑥(𝑡) can be replaced by 𝑥(𝑛𝑇). Assuming 
x t = 0 for t < 0. Then  

x! t = x nT δ(t− nT)!
!!!  ……………… (22) 



	

	

Taking Laplace transform yields  

X! s = x nT δ t− nT e!!"dt!
!!!

!
!   ……………… (23) 

By sifting property of the delta function  

X! S = x nT e!!"#!
!!!   …………………… (24) 

Now, let us define the complex variable z as the laplace time-shift operator 

𝑧 = 𝑒!"   ……………………….. (25) 

By substituting  (25) in (24), 𝑋(𝑧) can be expressed as 

𝑋 𝑧 = 𝑥 𝑛𝑇 𝑧!!!
!!!    ……………. (26) 

In additon to, from (25) it can be noted that the left-half plane correspond to 𝜎 < 0 is 
mapped to 𝑧 < 1 in the z-plane which is the region inside the unit circle as shown in Fig 
8.15.  

 

Fig 8.15 

 

 

 


















































